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ON THE CONVERGENCE OF STOCHASTIC APPROXIMATION PROCEDURES
UNDER MARKOV NOISE IN THE MEASUREMENTS

I.Ia. KATS

The problem is considered of the convergence of stochastic approximation procedures
/1,2/ for seeking the zero of a function under the condition that the values of this
function, accessible to measurement, contain both external as well as internal per-
turbations. The statement of this problem differs from the most prevalent cones in
that the assumptions on the independence and additivity of the noise are waived.
The proof of the convergence is based on the use of stochastic Liapunov functions /3
——6/. Discrete stochastic approximation procedures under dependent measurements
were examined, for instance, in /7,8/ with another way of accounting for the pertur-
bations and by other methods. The majority of papers on the study of stochastic
programming /9/ and stochastic approximation procedures assume the independence of
the measurements and the additivity of the noise. Without disparaging such an ap-
proach, it should be emphasized that it does not exhaust all varieties of prcblems
whose study might lead to stochastic approximation procedures. In particular, if
the measurements are made sufficiently often or, even more so, continuously, then
the assumption of dependence of the measurements proves to be very natural, special-
ly if the noise realize parametric perturbations of the system. Other examples,
not covered in the scheme of independent measurements, are the problems of adaptive
control, of observation, of estimation /10/. There are comparatively few papers
(see /7,8/, for example) where the convergence of gradient procedures of extremum
search is proved in the presence of additive Markov noise. Conditions are formulated
in the present paper on the convergence of stochastic approximation procedures under
the condition that the measurements contain both additive as well as nonadditive
(internal) Markov perturbations. The analysis is restricted to procedures of the
Robbins-Monroe type, mainly in the continuous version.

1. Statement of the problem. Let f(z) be an unknown n-vector-valued function defin-
ed on a Euclidean space R(™, We solve the problem of seeking the root # of the equation
f(z) = 0 by use of the recurrence procedure

z(k+1)=z(k)+aB)yk+1), z2(0) ==z, k=0,... (1.1)
The random n-vector y(k + 1) defined at each step of the equality

yk+1) =Ffk z(k), n(k+ 1) +o(k z(E)E(k+1) (1.2)
is accessible to measurement. Here 71 (k) is a Markov sequence with an arbitrary bounded set of
states 7 (k) =Y. The noise E(k), k=1, ... form a sequence of independent r-dimensional

vectors, also independent of n (%), and
ME = 0, MEE = E,

In the notation adopted, M is the symbol for the mean, the prime denotes transposition, and
E, 1is the unit r -matrix. The matrix o (%, ), in general, is unknown, the dependence of
f(k, z, ) on m is made concrete later, and a(k) is a nonnegative number sequence, Under these
conditions we are required to find constraints on the random process 1 (k) and on the functions
f(z), f(k, z,m), o(k, 2)and a(k), which ensure the convergence z(k)— 0 as k— oo with probab-
ility 1.
The following model can serve as a natural generalization of procedure (1.1), (1.2) to
the case of continuous measurements. Let the n-vector-valued signal y(#), t >0, defined by
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the equality
y(O) =it x(8), () Lotz ¥ (1.3

be accessible to measurement. To determine the root of the egquation f{xz} = 0 we construct the
continuous procedure

dz = a(t) [/ (1), (1), n (1) dt + o (¢, 2 (1)) dE), (0) = &, 1 (0) = mo (1.4)

As in the discrete case, we are to find concrete constraints on the parameters of system (1.4},
under which z{(f)— % as t-> co with probability 1. We limit the discussiononly to the problem's
continuous version since the results for the discrete case are formulated analogously. Since
the function f{x) has a single zeroc Z, without loss of generality we can take it that z = 0.

2. Convergence of the Robbins-Monroe procedure in the presence of purely
discontinuous Markov perturbations. We examine the procedure of seeking the root of
the equation f(z) = 0, setting f(t, z,m) = f(z) + g(¢ z,m) in (1.4), i.e., we consider the
system

dz = a () 1/ (2) + g (t. 2. m) dt + o (¢, 2) dE] 1)
We assume that the scalar Markov process m(t) is purely discontinuous, having a compact set of
states N () Y and admitting of the decomposition /11/

Pn@)=ada, t 1<t A |n(t) =a)=1—qg(a) At -+ 0(A?) (2.2)

Pin(t+A)=an(t+A)S6n()=a)=g(e6 M+o(A), agd

where P {4 |B} is the conditional probability. Under these conditions the relations (2.1)
and (2.2) and the initial conditions

z(t)) = %o, M{le) = Mo (2.3)

define on set {t> )} X R™ XY a random Markov process {z(t), n(t)} a separable modification
of which has the continuous realizations z(f, ©) and the right-continuous realizations % {f, o).
Let us state the conditions ensuring the convergence of procedure (2.1), (2.2).

10, The vector-valued function f(a) is defined on R" and its components have bounded
first- and second-order partial derivatives

af;
6:5

#f;
ax 50xk

<L, bLjk=1,...,n (2.4)

= My

20, The system z = f{z)is exponentially stable in-the-large and, consequently /12/, a
positive-definite scalar function v(z) exists admitting of the estimate

allzlf <v(e) S ellz|? (90/82)f(2) < —csll 2| (2.5)
lovioz |l << eall zlly, I} Pv/02* ]| < s (2.6)
Here du/fz is the vector with coordinates &v/oz;, 8/0s® is an n X n-matrix comprisedof the
second derivatives */0z;0%; ¢, ..., €5 are positive constants.

39, The estimate | g (4, . M)l < @ (M) i zll is valid, where the function ¢{n) is bounded on Y
by a number M >0, and for some >0

S={miaeM<eg— 1+ D (2.7)
49, The intensity of the white noise ¢ (¢, 2) is bounded in norm
oo o DN KA +1zI® K> 0,142 = Tr(44") (2.8}
59, The differentiable function a{f), >0 is monotonic and nonnegative, and

oo

$a(ydt=oo, °§a=(t)dt<oo (2.9)

0

The following statement is valid:
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Theorem 2.1. Let conditions 1°—5° be fulfilled. Then we can find numbers ¢, > 0, ¢; > 0
such that the inequalities

gla, V) <gy, a = 8; ¢, §) > ¢, BV =Y\S (2.10)

ensure the convergence z(f)— 0 as f~> o0 with probability 1 under any initial conditions
(2.3).

Proof. We consider the function /13/
v {v(x), nes (2.11)
GEV={ (14 patho@, nsv '

where p is some positive constant which we deal with later on. This function is positive de-
finite, admits of an infinite lower bound and an infinitesimal upper bound in z in the domain
{t >0} X Rm X Y, and has a continuous partial derivative in ¢ and bounded first and second
derivatives in 2. Its averaged derivative /4/ relative to system (2.1) at the point (z,7,1?)
is computed by the formula

de[tV] =%tv— ('Z—Z"),(f(x)-l-g(t,x,n))a(t)-i- (2.12)
E0Tr (o 00') + {7 6.2 ) —V (.2 w1 g (n, a8

Let us estimate dM [VI/dt. On the strength of (2.5)— (2.8) we obtain:
at point t>» 4, z= RW, ne S

ML < — o)1y O —peg (1, V] 2P + - Kesad () (L + [ 2]

at point ¢t> 4, = R™, nesV

L <a—Oueg(n $)— (1 + pa () (M — el 2>+ — Kes (L + pa(®) @) (1 + |z 2

Now if the inequalities
g(n, V) <wvpe™, g(m, 8) > (1 + pa(0)) (cad — c5) (pe;)™
are fulfilled for some u >0, then the condition

W < —a@blzP+RO)(L+V ¢, 2,) (2.13)

is fulfilled for any ze= R™, n&Y,t > t,, where 6> 0 is some constant, A (f) is a function
integrable on [0, o). The rest of the proof is along a known plan (/2/, p.100) if as the
set B figuring in /2/ we take B = {(z,n):z =10, 1= Y} which in the case at hand is invariant
/5/ for the process {xz (i), n()}.

Note 2.1. The probabilistic sense of the theorem just proved is that under the con-
ditions stated the stochastic approximation procedure converges almost surely to the zero of
function f(z) if the probabilities of the transitions in time At from small values of per-
turbations g(:,#,7m) to large ones are sufficiently small, while the inverse transition prob-
abilities are sufficiently large. In addition, it should be stressed that under the condi-
tions the variations of process 1 (), taking place within sets & and V, do not affect the
convergence of procedure (2.1).

Note 2.2. condition 2° of Theorem 2.1 can be relaxed, requiring only the asymptotic
stability in-the-large of system =z = f(z), but then the constraint (2.8) on the white noise's
intensity must be expressed in terms of the parameters of the Liapunov function.

We now consider a one-dimensional system

de = a () (f(2) + g (¢ z, m)) dt + o (¢, 2) dE) (2.14)

We assume that the unknown functions f(z), g(¢, z, 1), o (¢, z) satisfy the conditions
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zf(x) < —e2®, lgtz.n) <o) iz], o (t, 0) < K1+ 1?) (2.15)

and that the random Markov process m(#) can be in only the two states 1, and .. We accept
that ®(M;) —ecg<<0 and ¢ (M) — ¢3 > 0, otherwise the problem becomes trivial. We denote the
expansion coefficients in (2.2) by g2 and ¢y , respectively. Choosing v(z) = Y;z? we con-
struct the function V (t, z,M) in form (2.11). For dM IV]/dt to satisfy bound (2.13) it is
sufficient to require the fulfillment of the conditions

QM) — e+ pge << —e, (1 + pa(D) (@ (M) — g — pgoy) < — & (2.16)
for some positive values of pand &. Let the inequality

B=(g(n) —cg) gz + (9 (M) —¢5) 31 <O (2.17)

be fulfilled; then we can find an instant 7T > ¢, and values p>>0,e>>0 so small that when
t> T conditions (2.16) are valid and, consequently, z(f)—>0 as f—» oo with probability 1.
Thus, the fulfillment of (2.17) is sufficient for the convergence of procedure (2.14). We
should emphasize that this condition cannot be weakened since for the linear equation =
—cgZ + @ {(n) £ it is a necessary and sufficient condition for the convergence of z (f)to zero
/14/ with probability 1.

3. Convergence of the stochastic approximation procedure in the presence
of continuous Markov noise. Let us examine the procedure of seeking the zeroc of an un-
known function f(z) under the condition that its measurements contain, together with Gaussian
white noise, continuous Markiov perturbations as well, which are modelled as the output
signals of an asymptotically stable system. In other words, let the zero seeking procedure
for function f(z) be described by a system of Itd stochastic differential equations

1

dz = a () I(f (2) -+ An) &t + o, (¢, 7) dE,] (3.1)
dn = Bndt + 05 (¢, ) dky, z (b)) = 2o, M () = Mo
Here vectors z and 7 are of dimensions » and m, respectively, f(z), 4, B, o,(¢t, z), 0,(¢, ) are
matrices unknown in general, of appropriate dimensions, E,(t), &2 (f) are independent standard

Wiener processes of dimensions r and s. We formulate below the conditions under which pro-
cedure (3.1) ensures the convergence z(t)— 0 as ¢-—> 00 with probability 1.

Theorem 3.1. Let the functions f(x), o6,(t, z) (i =1, 2), a () satisfy conditions (2.4)—
(2.6), (2.8), (2.9) and, in addition, let the eigenvalues of matrix B have negative real parts,
while the function a(f) satisfies, for some value of constant 8>0, the inequality
|a (8) a?(t) | < 8. Then under any initial conditions z(fg)= o M (%) = n, the equality

P {limp.. 2 () = 0 | z(t)) = 20, M(f)) = Mo} =1
is valid for the solution z(f).

Proof. We take a function v (2) satisfying conditions (2.5) and (2.6) and we construct
a quadratic form w(n) for which the estimate

eliniP <w(n <elln|?, (dwom)Bn < —efinff
Fow/om il <elfnll, I Pw/om? || < es

are valid, where e, ..., e; are positive constants. (The latter is possible by virtue of the
assumptions on the properties of matrix B). Passing in system (3.1) to the new variables /8/
z=a(), y=z— AB™z
we obtain the system
dy = a O(f (y + 4B7%2) + AB™'a (H)a™t (t)z)dt + 0,dE; + AB 15,dE,) (3.2)
dz = (Bz — a’ (1)2)dt + a (t)o, (¢, z)dEs

We take the function V (y,2) = v (y) + pw (2), where p > 0 is some constant. Computing dM [Vl/dt
relative to system (3.2) with due regard to the theorem's conditions, we obtain
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dM [VVdt << —a (esll Y|P+ a (s (L + S} AB [yl 2]l — p (e — esa ()8) || 21 +
a* (t)(Kes + Yape)(1 + |1y + 4Bz

Hence by simple but cumbersome manipulations we get that starting from some instant T >t
the estimate

dM [V)idt < —o ()9 (v, 2) + 2 (01 + V (y, 2)) (3.3)

is valid under an appropriate choice of number u, where the functions a () >0,h() >0
satisfy the conditions

lamdat=oo, (Rydi<oo
T

e

and ¢ (¥, z) is a positive-definite form in R®™ X R, From here on we make use of Thecrem8.1
from /2/. Thus, y () — 0,z () >0 as t— oo with probability 1, which completes the theorem's
proof.

Note 3.1. The procedure described can be used for seeking the minimum of a positive-
definite scalar function F(z), z & R™, it if is possible to measure dFfér with noise represented
both as a Markov component as well as a white noise independent of it. In this case we should
set f(z) = —dF/dz,v(z) = F(z) in the preceding considerations. As a result we obtain convergence
conditions for the gradient procedure, close to those examined in /8/ for the discrete case.

In conclusion we discuss very briefly the case of measurements continuous in time in the
presence of random jumps. Let the zero seeking procedure for function f(r) be described by
stochastic differential equations with jumps /4,6/

dr = a I () + An)dt + o, (¢, 2)dE, + &1 (¢, 2)dE)]

dn = Bndt + o3 (t, 2)dE; + g2 (1, 2)d;
They differ from Egs,(3.1) only in that, together with the independent standard Wicner proces-
ses §, (¢), B2 (), in them occur {; (¢), {z (¢) , namely, Poisson processes independent of each cther
and of &, (), & (f), with the probability A;Af+ o (Af) that a jump takes place in process §; (1)
on the interval [¢,t + A#l. Under the condition that the jump took place, we denote by P, (du)
the corresponding probability measure of the jump's amplitude. We take it that P; (du)has a
compact support U and that

'S uP; (du) =0, S u?P; (du) = v} < o0
i

These equations and the initial conditions z (f)) = z,, 1 (§,) = m, define a process {z (), n (1)}
whose realizations are right-continuous with probability 1 (the existence and unigqueness con-
ditions for the solution of such equations are given in /6/).

If we retain all the assumptions in Theorem 2.1 and require that the condition

llg: @t 2)g’ &, D < KA +zlf), i=1,2 (3.4)

be fulfilled, then we can repeat all the arguments of this theorem's proof. As a matter of
fact, the only difference will be the appearance of additional summands of the form

5 (v (e + 2 (t) g; (¢ 2) u) — v (@)] 4 P, (dur)

when computing dM[V]/dt. However, in the presence of a bounded second derivative &%/dz® these
summands are majorized by the function ¢zvi2Ma?(#) (1 + v (z)) and the final estimate of dM[V]/di will
have the form (3.3) as before. We can convince ourselves that {z(f), n(1)} is a Feller proccess
and, hence, since its trajectories are right-continuous, it has the strict Markov property.
This enables us to make deductions on its regularity and reflexivity with respect to the do-
main [zf<e for any e>0. The subsequent arguments are along the lines of the procof of the
corresponding theorem for the continuous case. We note that an analogous jump-like component
can be added on in Eq.(2.1). If in that case a condition of type (3.4) is fulfilled, then the
conclusion of Theorem 2.1 remains valid.
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